The rst triangulation activity on Danish ground was carried out by the astronomer Tycho Brahe who resided on the island Hven. He wanted to determine the longitude di erence of his observatory Uraniborg to Copenhagen. A by-product was a map of his island made in 1579. In 1761 the Royal Danish Academy of Sciences and Letters initiated a mapping project which should be based on the principle of triangulation. Eventually 24 maps were printed in varying scales, predominantly in 1:120 000. The last map was engraved in 1842. The Danish Grade Measurement initiated remeasurements and redesign of the fundamental triangulation network. This network served scienti c as well as cartographic purposes in more than a century. Only in the 1960s all triangulation sides were measured electronically. A combined least-squares adjustment followed in the 1970s.
Introduction
In most countries the cultural heritage includes several generations of mapping of the territory. They can be of topographical, cadastral, or technical nature. They may be created in epochs centuries apart and most often with increasing accuracy and richness of details.
Any mapping of considerable extension must pay attention to the curvature of the surface of the earth and unavoidable error propagation in the necessary observations. These facts constitute part of the geodetic science. For exact mapping purposes we need concepts like triangulation, trilateration, astronomical positioning, satellite based positioning, distance and direction observations, geoid determination, ellipsoid, leveling, method of least squares, and mapping of the ellipsoid onto the plane. (We Kai Borre: Danish GPS Center, Aalborg University, Fredrik Bajers Vej 7 C, DK-9220 Aalborg Ø, Denmark use the term mapping rather than the more common term map projection; very few map projections are projections in a strict geometrical sense.)
All these issues are necessary to master in order to establish accurate and reliable coordinates that are t to enter into any modern geographical data base.
This paper focuses on Denmark with a small detour to Lithuania. The historical development of geodesy has been remarkable. It started by the activities of Tycho Brahe on Hven more than four centuries ago. A series of positive events carries this early start through the subsequent centuries. When studying the actual history it is striking that the right person always was present at the right time. Triangulation is a job that calls for a strong organiser with an eminent scienti c background. This combination is not always easy to nd. If you read between the lines of this historical account you may deem periods where leadership was not too strong.
The collection of distance data was nished in the 1970s and GPS observations in the 1990s. Since then minimal computational improvements have been introduced. With the event of computers and well-elaborated algorithms we may claim that the fundamental geodetic network in Denmark is established. Smaller crustal deformations over time are traced by continuous collection of GNSS observations. The topic of this paper is likely to be of interest for a great many readers, also outside geodesy. However, the paper also includes several facts of great of importance for the geodetic community. The generation of geodesists who knows about these details is retiring or already passed away. I have received valuable information from a key person in the more recent development, namely Knud Poder.
Since the 1930s Danish geodesy has included prominent professionals who have been instrumental for the said development. It is remarkable that a small group of 5-10 persons were able to in uence the profession worldwide in this period of time. We must claim great credit to the then management of the Geodetic Institute for supporting the group and giving it freedom to do what it found best. It was a conscious development over several decades that lead to a ourishing milieu in the scienti c department of the institute.
In order to help the reader with the historical time line I start by listing the most important actors in the Danish triangulation play.
Most of the gures in this paper can be downloaded in a high-resolution version from gps.aau.dk/~borre/DanishNet/. Formats are pdf and jpg. Krüger (1857 Krüger ( -1923 , Royal Prussian Geodetic Institute in Potsdam -Niels Erik Nørlund (1885 Nørlund ( -1981 (Nørlund 1943, plate 30) name terms with him) is credited with the most accurate astronomical observations of his time.
Person gallery
In 1597, after disagreements with the Danish king Christian IV, he was invited by emperor Rudolph II to Prague, where he became the o cial imperial astronomer. He built the new observatory at Benátky nad Jizerou. From 1600 until his death in 1601 Tycho was assisted by Johannes Kepler. Kepler later used Tycho's astronomical observations to develop his own theories of astronomy.
Tycho was a pioner within geodesy and cartography. With his instruments he measured at Hven in the Sound angles of a great many triangles formed by elevated points on Sealand and in Scania.
Tycho's triangulation from 1578 and 1579 included targets in the towns Helsingør, Køge, Copenhagen, Helsingborg, Landskrona, and Malmö. To determine the scale of the network, a baseline was measured on Hven. It was established between the center of Uraniborg observatory and the old Saint Ib church (middle of eastern tower). The length was 1 287.90 metres. Table 1 surveys the observa- Tycho's map from 1598 of the island Hven. It was the rst map in Denmark based on triangulation. His castle was at the center of the island. North is to the right (Nørlund 1943, plate 43) tions taken. The network is shown in Fig. 1 . Tycho thus carried out the rst triangulation performed in the Nordic countries. Nørlund (1943) includes an accuracy analysis of Tycho's observations. It tells that a measured direction has a standard deviation of 4 .
Tycho published a map of Hven, see Fig. 2 . This is the earliest map of any part of the Scandinavian countries based on a geodetic survey.
Tycho realized that progress in astronomy required systematic, rigorous observations, night after night, using the most accurate instruments obtainable. This program became his life's work. Tycho improved and enlarged existing instruments, and built entirely new ones. Tycho was the last major astronomer to work without the aid of a telescope, soon to be turned skyward by Galileo and others.
Ne frustra vixisse videar (Let me not seem to have lived in vain): these were the words he-reputedly-uttered to Kepler, near his death.
The mapping project of the Royal Danish Academy of Sciences and Letters (1761-1843)
The Royal Danish Academy of Sciences and Letters was founded in 1742. In 1761 the Academy initiated a project of mapping the entire kingdom in scale 1:120 000. From the very beginning it was decided that the mapping project was to be based on a triangulation. The entire work was pursued under the leadership of two remarkable scientists: Thomas Bugge in the period 1761 until his death in 1815, and continued by Heinrich Christian Schumacher until the termination in 1843.
Thomas Bugge started preparations for the triangulation in 1762, and in autumn 1764 Bugge starts with a base measurement between Brøndby Høj and Tinghøj west of Copenhagen, a distance of 10 km. Together with Runde Tårn these points make the rst triangle. Fig. 3 shows the Runde Tårn. Runde Tårn was designed by king Christian IV and nished in 1642. On top of the tower was built an observatory. Bugge determined the latitude as φ = 55
• 40 57 N, and the longitude λ was • 20 14 E of Paris. Until 1861 all domestic longitudes were computed relative to the Runde Tårn observatory. The elevations of the trigonometric stations were determined by observation of zenith distances. The triangulation covered areas to the west to Kalundborg and from there southwards and again eastwards to Stevns, see Fig. 5 . In 1778 the triangulation was nished on Sealand.
A detailed description of the work and methods used are given in Bugge (1779) , the title page of which is depicted in Fig. 4 . The book appeared in German translation in 1787: Beschreibung Der Ausmessungs-Methode, Welche Bey Den Dänischen Geographischen Karten Angewendet Worden. Printed in Dresden.
Bugge himself did the basic triangulation on Sealand. The total triangulation network is shown in Fig. 6 and the number of observations are listed in Table 2 . The physical triangulation points were marked by wooden poles that did not leave a lasting trace.
Remember that the method of least squares was not around at Bugge's time. He observed all three angles in every triangle. Because of inevitable errors he needed a procedure to eliminate the angular mis-closure in each triangle. On page 63 in Bugge (1779) he writes that the corrections are calculated proportional to the size of the angle. However, on page 35 in the same book he describes that each angle is corrected by one third of the mis-closure; yet the rule is sometimes modi ed when Bugge takes into account the visibility of the signals, atmospheric conditions, etc.
By using the described procedure, the angular sum in all triangles is forced to be exactly 180
• . As mentioned earlier he measured the length of one base line. In order to verify the correctness of this length, he additionally measured three base lines spread over the network. Bugge compared the directly observed length with the one derived from applying the sine theorem through a chain of triangles connecting one base line with another. In neither of the three cases Bugge saw a discrepancy larger than feet = . metre. This quantity is negligible for mapping purposes.
The initial base line introduced the scale into the network. The additional three lines only were used as control and hence did not create conditions on the coordinate calculation.
After these error eliminating steps it was possible to calculate plane coordinates of all triangle points. The ordinate axis of the coordinate system was identical to the meridian through Runde Tårn and the abscissa axis perpendicular to this. The origin was selected to be at Runde Tårn. By astronomical observations the azimuth for the triangle side from Runde Tårn to Brøndby Höi was determined.
In connection with the preparation of Andersen (1968) , the Bugge observation material was subjected to a least-squares adjustment, see Table 2 . This work was undertaken by Knud Poder on the new Geodaetisk Instituts Elektroniske Regnemaskine (GIER). One result of the adjustment was that the standard deviation of an angle was estimated to be . = .
• . This value is more than sufcient for the mapping purpose which was not a geodetic grade measurement. More details are given on pages 44-50 in Andersen (1968) .
The triangulation work on Sealand was nished by Ole Christopher Wessel in 1768-1771, on Falster, Lolland, Langeland, and Funen by Niels Morville in 1772-1778, in Jutland southwards to the Elbe and Oldenburg in 1778-1796 by Casper Wessel. Wessel was a talented person who in 1799 gave the rst geometric interpretation of complex numbers and the calculational rules. Later on H. C. Schumacher based his Holstein triangulation on Wessel's work.
In 1765 the king decided to start a mapping of the entire kingdom for cadastral purposes. Bugge was appointed the leading surveyor for this task until he in 1777 was appointed professor in astronomy in University of Copenhagen and became rector in three election periods. He was elected member of numerous scienti c academies.
He published books on astronomical, mathematical, meteorological, physical, and surveying topics. He was smart and talented with a manifold of skills; therefore he was asked to perform various jobs. For instance he was sent to Paris in 1798 as Danish representative to the conference on the metre system.
Bugge put enormous e orts into the creation of the important cultural heritage that the mapping project for the Academy in reality was. He overcame the many facetted di culties by combining the necessary theoretical insight with outstanding management skills.
Heinrich Christian Schumacher was appointed professor in astronomy in University of Copenhagen after Bugge's death in 1815.
In reality Schumacher was asked to make latitude and longitude observations in a network from Skagen in the north to Lauenburg in the south and from Copenhagen in the east to the west coast of Jutland. In 1820 Schumacher saw the possibility of connecting this network to the one of the kingdom of Hannover. In 1821-1823 Gauss observed in the triangulation network from Inselsberg to the side Hamburg-Lüneburg, see Fig. 7 . Schumacher's activities started in 1817 but faded soon out and was only resumed in 1837 to connect to the East Prussian network which was measured by Bessel and Bayer in 1831-1838. In 1821 Mösting, the Danish Finance Minister, suggested that Schumacher should edit a publication of astronomical news. Schumacher seized the opportunity, and (Nørlund 1943, plate 101) the rst volume of the famous Astronomische Nachrichten appeared in September of the same year. As Schumacher had a wide group of correspondents and acquaintances the publication quickly achieved world-wide circulation. Bessel, Gauss, Repsold, and others were his intimate friends. Schumacher edited the journal at the observatory in Altona which then was the second largest city in Denmark. The rst volume of Astronomische Nachrichten was issued in 1823.
The famous Bessel solution of the direct and reverse geodetic problems were published in Astronomische Nachrichten (Bessel 1826) .
In 1816 Schumacher proposed to the Academy to announce a price for answering the following problem: Describe in general how to map conformally one surface onto another one. In 1822 Gauss submitted a solution. It was published in 1825 in Astronomische Nachrichten (Krüger 1912) . By the way, the theory in Krüger (1912) makes the basis for the Gauss-Krüger coordinate system introduced in 1923.
In the years 1817-1818 Schumacher triangulated from the Elbe to Als. In fact he continued from where Gauss ended his chain coming from the south. In 1820-1821 a base line at Braack was established and measured, see Fig. 8 . s . The poor observational results are, according to Schumacher, due to the long and di cult travels that in uenced the clock rates (Johansen 1913, pp. 270-271) . In parallel, in 1820 Schumacher started mapping works for the Academy in southern Jutland. Repeatedly he was reminded about this commitment and repeatedly he was asked to lecture at University of Copenhagen. In 1821 Schumacher got a royal permission to stay permanently at Altona and in 1832 University of Copenhagen appointed Christian Friis Rottbøll Olufsen as professor in astronomy. Schumacher liked to travel around rather than remain at home. He had a rather slight build, with a weak constitution and poor health. A distinguished man himself, he was delighted in working with his equals. His greatest joy was in the far reaching researches of his friends Gauss and Bessel. He felt bereft when Bessel died in 1846 from cancer. Of his many old friends only Gauss remained.
The year 1848 brought many political disturbances. He died at the age of 70 on December 28, 1850 after a serious illness. He is buried about a hundred yards from his house in the old church-yard on Behnstraße (close to the intersection of Behnstraße and Struenseestraße, next to the S-Bahn station Königstraße.) His gravestone is still to be seen. The low pyramid of syenite was overthrown by a bomb, but has been restored to its position by the state, and the inscription renewed. The city of Altona has named a street in honour of Schumacher.
Eventually 24 maps were created and they were the rst Danish topographic maps based on triangulation. A sample is shown in Fig. 9 . The publication of Nørlund (1946) contains copies of all maps.
The remarkable triple
Schumacher and Gauss communicated intensely. Most often Schumacher visited Gauss in Göttingen. Their correspondence was remarkable and undoubtedly made the beginning of the journal Astronomische Nachrichten. In 1810 king Friedrich Wilhelm III of Prussia appointed Bessel as director of Königsberg Observatory. Schumacher was of great help to Friedrich Wilhelm Bessel. Soon Bessel became a participant in the exchange of observational techniques, description of observational devices like the heliotrope, and many others. This group of three persons with many and diverse interests was notable. Their enthusiasm for geodesy and astronomical observations was unique. Gauss began corresponding with Bessel whom he did not meet until 1825. In 1807 Gauss left Brunswick to take up the position of director of the Göttingen observatory. Gauss arrived in Göttingen in late 1807. In 1808 his father died, and a year later Gauss's wife Johanna died after giving birth to their second son, who was to die soon after her. Gauss's work never seemed to su er from his personal tragedy. He published his second book Theoria motus corporum coelestium in sectionibus conicis Solem ambientium in 1809, a major two volume treatise on the motion of celestial bodies. In the rst volume he discussed di erential equations, conic sections, and elliptic orbits while in the second volume, the main part of the work, he showed how to estimate and then to re ne the estimation of a planet's orbit. In 1818 Gauss was asked to carry out a geodesic survey of the kingdom of Hannover to link up with the existing Danish network. Gauss was pleased to accept and took personal charge of the survey, making measurements during the day and reducing them at night, using his extraordinary mental capacity for calculations. He regularly wrote to Schumacher, Olbers, and Bessel reporting on his progress and discussing problems. Because of the survey, Gauss invented the heliotrope which worked by re ecting the Sun's rays using a mirror and a small telescope. In 1870 Captain Meldahl (from GS, see below) nished the triangulation (at Skagen to the north) which was initiated by Schumacher at the south in 1817. Fig. 10 shows the un nished triangulation at the death of Schumacher and before Andrae took over. We have to accept that the national triangulation took more than half a century to nish. Table 3 summarizes the number of observations included in the GM-network.
Andrae was internationally renown in his time. This is for instance witnessed by his election to Accademia Nationale dei Lincei in 1887. He is buried at Assistens Kirkegaard, Copenhagen.
Generalstabens Topogra ske Afdeling (GS)
In 1842 the General Sta 's topographic department (GS) and the mapping part of the scienti c organisation of the Academy merged into Generalstabens Topogra ske Afdeling. GS started immediately to densify the rst order triangulation down to and including the fourth order triangulation.
GS became the cartographic, topographic, and general maps department of the Danish army from 1842 to 1928.
It supplied both government and the public with accurate maps of Denmark. GS soon initiated a new topographic mapping of the kingdom for military purposes. The basic maps were in scale 1:20 000; the individual map sheets are called målebordsblad as their size ts to the plane table (Meßtisch).
The rst maps applied Bonne's equal area (or equivalent) mapping. This unorthodox idea was introduced by three young hotheads who the General Sta sent to Paris for a while to study at École Polytechnique. (They were A. F. Tscherning, W. H. F. A. Laessøe, and C. C. G. Andrae. Later on Tscherning became War Minister, Laessøe was killed in the battle at Isted, and Andrae became director for GM.)
In the period 1842-1867, all maps in scale 1:80 000 over Sealand and Funen were constructed using the Bonne mapping. In 1868 this idea was abandoned and maps in scales 1:20 000, 1:40 000, 1:80 000 (maybe only a few), 1:160 000, and 1:320 000 were published using a conic, conformal mapping. The tangent parallel was chosen as φ =
• north. The distortion of scale δ at Skagen is . m/km. In most cases this value is not negligible. In the period 1893-1902 also maps in scale 1:100 000 were published.
The Observatory at Runde Tårn was active 1641-1861. In 1861 a new observatory was built at Øster Voldgade. However, even after 1861 the longitude on all topographic maps referred to the Runde Tårn. Since the early 1930s all maps in scale 1:20 000, 1:40 000, and 1:100 000 carry a south-margin including information about the printed geographical net. The net counts longitude from the meridian of Runde Tårn and the latitude is as usual counted from the Equator. For example on the map in scale 1:100 000 the grid mesh is in east-west and in noth-south. One of the meridians is annotated with the corresponding longitude east of Greenwich.
Only when topographic maps (4-, 2-, and 1-cm maps) were published using the Universal Transverse Mercator (UTM) mapping longitudes were reckoned from Greenwich. The rst 4-cm map was published in 1957 and photogrammetric revisions continued until 1990. The updating ended in 1997. The last 4-cm map was printed in 1998, Michaelsen, private communication 2013.
Shortly after 1900 Danish surveyors demanded a new mapping for cadastral purposes which guaranteed |δ| < / overall. This was the standard deviation with which they could measure distances with steel tape. That is, in practice they could neglect the scale correction. In the conic mapping the δ value only could be held within the mentioned limit in a zone of 64 km width on both sides of the tangent parallel φ .
The desire for an alternative cadastral mapping ended in an unhappy situation. Many users were of the ambiguous opinion that the coordinates were not accurate enough, but they also should remain constant over time. The more naïve ones even hoped that the new computers could output coordinates such that distance and direction observations did not need to be corrected when being mapped from the actual 3-D space to a 2-D space, sic!
Geodetic Institute (GI)
In 1928 GM and GS merged into a new institution: Geodetic Institute (GI). The rst director became professor in mathematics at University of Copenhagen Niels Erik Nørlund.
In 1989 GI, the Cadastral authorities and some maritime mapping units merged into a new institution called National Survey and Cadastre of Denmark (KMS). On January 1, 2013 that organisation was renamed Danish Geodata Agency (GST).
From Fig. 10 it is obvious that large parts of Jutland still were without a triangulation, so it was a natural task for GI to start and establish and measure a new rst order network covering larger parts of the kingdom. The average side length was 40 km. The similarity between the new network and the GM-network is only due to topography. In some cases the corresponding points in the two networks may have been just a few metres apart. GI marked points with big concrete blocks and a granite pillar on top. The actual point is marked with a center punch in a vertical brass bolt drilled into the granite pillar.
The direction measurements were carried out using 12 complete sets with Hildebrand theodolites. The instruments have a horizontal circle with 27 centimetre diameter. In 1927 and 1933 ve base lines were measured with invar wires of length 24 metres. The base lines varied in length from 2.4 km to 10.6 km. The observational data included in the network adjustment are depicted in Table 5 .
Immediately after the establishment of GI it was decided to comply with the desire from the surveyor community about introducing a mapping in which the scale correction s could be neglected. The following paragraphs describe the di culties and special circumstances that occurred in Denmark after introducing a new mapping in 1934.
Computationally the network was split into seven triangle chains. Each chain was adjusted using condition [1961] [1962] [1963] , it became obvious that this non-optimal adjustment in certain regions introduced a scale error larger than 10 ppm.) In order to ful l the condition |δ| < / eventually two zones were introduced in 1934: 1) a zone for land west of the Great Belt, 2) a zone for land east of the Great Belt, and nally in 1945 3) a zone for the island Bornholm.
The chosen mapping was of Gauss-Krüger type. The ordinary series expansion for the scale s was truncated as
In Eq.
(1) v is the plane distance (in km) from the central meridian. The scalar a is 0.999 950 for zone 1 and 0.999 978 for zone 2, and the mean radius of curvature K = . km in zone 1 and K = km in zone 2. The truncation of the series for s introduced a deviation from true conformity. This implies that the inverse mapping is non-conformal. With the measurement accuracy of today-far better than 1/20 000-this leads to aws in the de nitions. This fact caused a lot of troubles after early 1960s.
Another less fortunate decision was taken. A particular trigonometric station Agri Bavnehøj was allocated the plane coordinates (y, x) = ( km, km) or in a UTMlike notation (N, −E). With that choice all coordinates become positive numbers. However, the orientation of the 1934 system was xed in the following way. The azimuth from Agri Bavnehøj to the adjacent station Lysnet was allocated the same numerical value as in the conic conformal mapping. The physical line of sight is identical, but when mapped into the conic mapping and mapped into the 1934 system they are di erent lines with di erent azimuths! The central meridian in zone 2 has x = km. The formula for the meridian convergence γ at this meridian yields γ = where it should be zero. It is evident that the map designers did not know the theory: Es ist nichts Only in the late 1940s, the network with the original observations from the 1930s was adjusted according to the principle of least squares. The result was the Danish contribution to the European network that de ned the European Datum 1950.
After a military wish, GI decided in 1957 to densify the network such that the neighboring distance between any two points was circa 2 km.
Until the 1950s distance measurements with a useful accuracy were not available. Triangulation networks were made up of theodolite observations alone, except base line observations which introduced scale into the network, and astronomical observations. But the incredible electronic development following World War II introduced new equipment to geodesy. In 1960 GI purchased several units of the microwave electronic distance measurement equipment Tellurometer.
The observation accuracy of the Tellurometer is compatible with the one derived from the base observations. The relative accuracy is considered to be better than − .
All Tellurometer related activities were carried out under the leadership of Knud Poder.
In the years 1961-1963 some additional diagonals and the pentagon on Funen and the Jutlandic polygon were extended so that the entire network became a fully plane network instead of a network consisting of chains.
In the late 1960s and the 1970s, computer capacity increased enormously. This meant that the traditional geodetic separation between networks of rst, second, third, et cetera orders vanished. The computers could handle adjustments involving hundreds of points in one batch. Little by little the concept of order lost its meaning. In the late 1970s the nal network looked as depicted in Fig. 11 and included the observations as shown in Table 6.
Early on, the management of GI realized that the vast amount of observational data needed sort of a rational processing. The clever answer to this was to start a development of an own computer. Great many persons outside GI helped to achieve the goal.
In the years 1957-1961 Torben Krarup and others worked on designing the computer GIER. Having this great computer at disposal, made it possible to investigate numerical issues related to the principle of least squares for geodetic networks. Geodetic networks are sparse and relatively connected, and there are no observations between far away points.
Ellipsoids, datums, and adjustments
Geodesy uses ellipsoids of revolution as a rst order approximation to the earth's surface. An ellipsoid is determined by a semi-major axis a and a attening f . The axis a is given in metre and the f is a dimensionless quantity.
It was an odd situation: the cadastral world used one set of coordinates for the fundamental network and the rest of society used another set. Of course, in practice some projects called for a set of transformation formulas between the two. However, this problem had no unique formulation and was not easy as system 1934 was close to conformal while UTM of course is. Many work forces were spent on establishing acceptable formulas to solve the problem.
One solution was to keep the fundamental station coordinates in system 1934 xed and let all other points have unknown coordinates. The coordinates of the fundamental stations as given in system 1934 were transformed into UTM. The subsequent adjustment took place in UTM. There were so many points involved that a sub-division of points was necessary. Each adjustment block was limited by one 1-cm map sheet which contains about 1 000-1 200 points at a time. A special procedure was used at the borders of the 1-cm maps, not a true Helmert blocking. Since 1980 this became a routine on the RC4000 main frame computer which was designed and manufactured by the Danish Regnecentralen Ltd.
European network adjustments
In 1954 the International Association of Geodesy (IAG) founded a commission called RETrig (Reseau Européen Trigonometrique). One wanted to substitute the ED 50 by a new datum using newer and more accurate data and using only one adjustment block. ED 50 was composed of a four block adjustment. In 1987 RETrig was substituted by the EUREF commission.
As already mentioned, in the 1970s the Tellurometer observations became available; they asked for a combined adjustment of directions and distances. This combined adjustment became the Danish contribution to the ED 77 which hardly was applied. Two newer datums were ED 87 and EUREF 89.
Modern triangulation uses the Global Positioning System
Above we described geodetic and cartographic activities in Denmark during four centuries. It is an experience that classical triangulation work is costly and often lasts for decades.
Surveyors always wish to maintain continuity. They are not happy with coordinate changes. But new observations and a subsequent adjustment most often result in distinct new coordinate values. One procedure to overcome this fact is to combine the old and the new results with sort of smoothing procedure.
This principle governs even today. In the present GNSS era this problem is even more marked. In Denmark GNSS observations were combined with classical direction and distance observations in one least-squares solution. This procedure blurs the superior accuracy of GNSS observations.
In order to demonstrate the actual accuracy of a GNSS-only network we expose as an example the fundamental network of Lithuania.
By invitation of Vytautas Tulevičius I was visiting Lithuania in 1991 to introduce the GNSS technology. On September 9, 1992 the rst results were produced by Ashtech P-code dual frequency receivers. A group of professionals were trained to use the receivers and in May 1993 the complete national network was observed. A few observations were added in August 1993. By the end of the year, new coordinates for the fundamental stations were computed using the GNSS software from Ashtech. So in seven months the work was completed. In 2001 two Lithuanian students at Danish GPS Center at Aalborg University used the GAMIT software for the GPS observations. The coordinate di erences between the GNSS software and the GAMIT software adjustments are shown in Fig. 12 . Fig. 13 demonstrates the con dence ellipses for the same network. The average standard point deviation is 1-2 cm. We can conclude that the use of GNSS is very fast, very reliable, and very accurate.
A few nal remarks
Tycho Brahe and his activities were unique for his time. He established a triangulation to determine latitude and longitude of his observatory Uraniborg and for mapping purpose. Around the year 1800 mapping activities all over Europe became hectic, mostly driven by military behest. The military wanted reliable and conformal maps. To achieve this purpose it became a necessity that the mapping was based on triangulation. Accurate triangulations also can serve the purpose of grade measurements. Today we use a semi-major axis for the earth known to decimetre accuracy, see Table 7 .
Focusing on the nancial side of this development, you learn that scientists like Brahe, Gauss, and Bessel all were payed by kings, emperors, and dukes. Since 1850s several countries witnessed constitutional assemblies being appointed by kings, and parliaments were established.
Today society in general, more than military, de nes the needed activities in the elds of geodesy, surveying, and topography.
